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Introduction
A tournament is a directed complete graph. Formally, it is a graph G = (V (G), E(G)) such that (i, j) ∈ E(G) if and only if (j, i) / ∈ E(G) for all distinct i, j ∈ V (G), and moreover (i, i) / ∈ E(G) for all i ∈ V (G). Given a vertex u ∈ V (G), its outdegree is defined as the sum v∈V (G) ½((u, v) ∈ E(G)), i.e. the number of outgoing edges from u.
These numbers can be computed for all vertices of G, resulting in the sequence (
of outdegrees of G, known as the score sequence of G. A classical result is the following characterisation of permissible score sequences, originally due to Landau [4] .
Theorem 1 ([4]).
A sequence (d i ) n i=1 of non-negative integers is the score sequence of some tournament on n vertices if and only if
for all subsets J ⊆ {1, 2, . . . , n}, with equality for J = {1, 2, . . . , n}.
It is easy to see necessity in the above theorem. Namely, given any subset of size k of the vertices, look at the induced subtournament. This must have k 2 internal edges, contributing this much to the sum of the scores of the vertices in this subtournament, and possibly some edges leaving from this subtournament to the rest of the tournament. For sufficiency there are numerous proofs, see e.g. [3, 4, 6] .
A generalised tournament G = (V (G), α) is a set V (G) = {1, . . . , n} of vertices along with a function α :
and α(i, i) = 0 for all i ∈ V (G). We will sometimes call the function α the edge-weight function, etc. Note that a tournament is a generalised tournament for which α only takes values in {0, 1}. Given a vertex u ∈ V , the outdegree of u is defined as the sum v∈V (G) α(u, v), extending the definition for tournaments to generalised tournaments. Score sequences are defined analogously. A natural question is whether Theorem 1 extends to generalised tournaments. This was answered in the affirmative by Moon [5] .
of non-negative real numbers is the score sequence of some generalised tournament if and only if
The proof given by Moon [5] uses a network flow approach by showing that the existence of a generalised tournament with the prescribed score sequence follows from the existence of a flow satisfying certain conditions. Another proof of Theorem 2 is given by Bang and Sharp [1] , in which the authors use a version of Hall's theorem along with a Date: July 14, 2016. rational approximation and compactness argument. The same kind of argument lies at the heart of our proof as well; however, rather than using Hall's theorem, we will assume only the validity of Theorem 1. Since Theorem 1 is precisely the tournament-version of Theorem 2, this is perhaps the most "natural" starting point. Thus, in this note, we present a new proof of Theorem 2, assuming only the validity of 1.
1.1. Outline. In this section we outline how Theorem 2 follows from Theorem 1. The proofs appear in Section 2.
Our approach will be to argue via rational approximations. To this end, we begin by showing that Theorem 1 extends to generalised tournaments with rational score sequences.
of non-negative rationals is the score sequence of some generalised tournament on n vertices if and only if i∈J d i ≥ |J| 2 for all subsets J ⊆ {1, 2, . . . , n}, with equality for J = {1, 2, . . . , n}.
The forward direction is straightforward, so we prove only the backward direction. The idea of the proof is the following. Start with a rational sequence (d i ) n i=1 as above. We want to prove that there is a generalised tournament having this sequence as its score sequence. Instead we will consider a related sequence on mn elements, all integers, where m is chosen large enough that all md i are integers. We will show that this sequence satisfies the condition in Theorem 1, so that it is the score sequence of some non-generalised tournament. Having this tournament, we will group its mn vertices into n clusters. Then we define a generalised tournament on n vertices. Each vertex will correspond to one of the clusters, and the edge weights between vertices will be the average edge weight between the corresponding clusters. It suffices to show that the object defined in this manner is a well-defined generalised tournament with score sequence (d i ) n i=1 . Remark 4. Given a score sequence, it is natural to ask for an algorithm that outputs a tournament with the given score sequence, see e.g. [2] . Any such algorithm, coupled with the procedure in our proof, can also be used to construct generalised tournament with given rational score sequence. Moreover, the edge weights in any such construction will be rational.
To prove Theorem 2, we need to approximate the real score sequence by rational score sequences. The following lemma states that this can be done in the desired way.
be a sequence of non-negative reals such that
for any J ⊆ {1, 2, . . . , n} with equality for J = {1, 2, . . . , n}. Then there exist sequences
→ d i as m → ∞, for each i = 1, 2, . . . , n, and moreover, for all m ≥ 1,
for any J ⊆ {1, 2, . . . , n} with equality for J = {1, 2, . . . , n}.
The idea behind the proof is to perturb the sequence (d i ) n i=1 to a rational sequence without disturbing the validity of the above condition.
Given Lemma 3 and Lemma 5, we then show that Theorem 2 holds. The proof of this is not difficult, and we only prove the more difficult direction. Given a real sequence (d i ) n i=1 satisfying the condition in Theorem 2, we will approximate it by rational sequences (d
as in Lemma 5. By Lemma 3 there exists some generalised tournament G m with score sequence (d
; we may furthermore assume that these are defined on the same vertex set. Finally we note that the edge weights of the G m form a sequence in the compact set [0, 1] ( n 2 ) , so we may select a subsequence of (G m ) ∞ m=1 such that all edge weights converge. The limiting object will turn out to be a generalised tournament with score sequence (d i ) n i=1 . The proof method outlined above should allow for similar extensions from (some) "non-generalised" results to their "generalised" counterparts. Such an example is provided in [7] , which uses the same proof method to show that Eplett's characterisation of possible score sequences of self-converse tournaments also is valid for self-converse generalised tournaments. We first construct an n × m-array which will contain the outdegrees of a (nongeneralised) tournament. For i = 1, . . . , n and ℓ = 1, . . . , m, let
Proofs
ℓ=1 is some arbitrary score sequence of a tournament on m vertices. Note that c i,ℓ is an integer for all i = 1, . . . , n and ℓ = 1, . . . , m. We claim that the c i,ℓ constitutes a valid tournament score sequence, i.e. that the condition in Theorem 1 holds. To see this, take some J ⊆ {1, . . . , n} × {1, . . . , m} and consider the partition J = J 1 ∪ J 2 ∪ · · · ∪ J n , where J i = {(i, k) ∈ J : k ∈ {1, 2, . . . , m}}. Let j i = |J i | and assume that the J i have been ordered so that 0 ≤ j 1 ≤ j 2 · · · ≤ j n ≤ m. It suffices to check the three inequalities
To see that this is enough, note that
where the inequality follows by the three inequalities above, and the final equality follows by |J| = n i=1 j i . Let us verify that the three inequalities hold. Define for notational convention j 0 = 0. The first inequality follows by noting that we can rewrite the sum (twice) as a telescoping sum and using the fact that the sequence (d i ) n i=1 satisfies our condition, i.e.
The second inequality follows since (b ℓ ) m ℓ=1 forms a valid score sequence, so
For the third inequality,
This shows that the c i,ℓ form a valid score sequence. By Theorem 1, there exists a (non-generalised) tournament H on mn vertices with outdegrees c i,ℓ . Denote by v i,ℓ the vertex of H with outdegree c i,ℓ , so that V (H) = {v i,ℓ : i = 1, . . . , n and ℓ = 1, . . . , m}.
Define the function α : {1, 2, . . . , n} 2 → [0, 1] by
for any i, j = 1, 2, . . . , n with i = j, and α(i, i) = 0 for all i = 1, 2, . . . , n. We claim that G = (V (G), α), where V (G) = {1, 2, . . . , n}, is a well-defined generalised tournament with score sequence (d i ) n i=1 . It is well-defined since
for all i, j = 1, 2, . . . , n with i = j. Trivially also α(i, j)
where we have cancellation because b ℓ was chosen to be a valid score sequence, implying that
This proves that G is a generalised tournament (with rational edge weights) with score sequence (d i ) n i=1 , completing the proof. Proof of Lemma 5. Fix m ≥ 1. Suppose the numbers (d i ) n i=1 have been ordered so that d 1 ≥ max{d 2 , . . . , d n }. We claim first that this implies
for all |J| {2, . . . , n}. Suppose not and let the set J {2, . . . , n} be a counterexample. Take any 1 = k / ∈ J. Then
The above implies that we can choose d 
